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Abstract
The purpose of the article is to combine two different products: critical illness insurance and
reverse annuity contract. Such a combination of different categories of payments arising from
the security agreements against the effects of longevity and the incidence of terminal illness
leads to complex protecting packages. In particular, we focus on cancer insurance policies,
which can be shaped in several different ways mainly connected with type of benefits. Then
we construct an appropriate multiple state model and calculate the actuarial values of
benefits. Probabilistic structure is based on the actual data for the Lower Silesia Voivodship
in Poland and the Lower Silesia Life Tables.
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1. Introduction
Low pensions, high bills for utilities and rent make it difficult to maintain a large property,
especially in big cities or in a situation when one of the spouses died. One of the possibilities
to obtain additional financial resources might be to conclude a reverse annuity contract.
According to the agreement, an owner may receive monthly benefits in return for the transfer
of the ownership onto the company, which ensures the right to live in property until his death
by a notarial act (Shan, 2011).
Another problem may be connected with high expenditures on medicine and treatment. In
such a situation health insurances are useful. Critical illness (dread disease) insurances are
typical examples of limited-coverage health insurance products, as only diseases belonging to
a precisely defined set are covered.
The most traditional way to combine different benefits, in framework of the insurances of
a person, is to define a health-related benefit as a rider to a life insurance policy. Moreover,
lifetime-related benefits can be linked to lifelong sickness insurance or income protection.
The purpose of the article is to create a new product that is a combination of two different
products: critical illness insurance and reverse annuity contract. This new product allows
a policy holder to protect him against the effects of longevity and the incidence of terminal or
chronic diseases. A holder of such a product, without involving additional premiums, receives
a little bit lower benefit in a situation when he/she is healthy, and when he/she gets sick,
receives an additional illness benefit. This second benefit allows an insured person to obtain
additional resources for a retrieval of health. Our considerations focus on cancer as an
example of a critical illness. A sick person, who has metastases, will surely die. In such
a situation, an insured person has a possibility to receive an additional benefit for the
palliative care. Moreover, this agreement may be concluded in one company, reducing costs
associated with operating two separate products.

We consider the discrete appropriate multiple state model for term individual policy. The
calculation of actuarial values is based on the actual fixed interest rate. The probabilistic
structure is based on the actual data for the Lower Silesia Voivodship in Poland and the
Lower Silesia Life Tables.
2. Model
The reverse annuity contract is a well-known financial product. In Poland, this contract has
been offered since 2005 by a few companies, i.e. mortgage funds, created especially for this
purpose. Benefits arising from the reverse annuity contract are received by an owner in
exchange for surrender-ring his real estate to a company. The owner is guaranteed the right to
live in the property until his death by a notarial act (Dębicka and Marciniuk, 2014). The
transfer of the ownership onto the company takes place after signing of a notarial act. The
payment of the pension is secured in section IV of the mortgage register.
The reverse annuity contract is offered to elderly people. We assume that annuity benefits
are paid for n years, but this contract might be paid also throughout the whole life. The value
of benefits is determined on the basis of the pensioner’s age x (called age at entry), the value
of real estate W and the further life expectancy. In fact, benefits are calculated for
a percentage  of the value of real estate W , where   0, 0.5 (Dębicka and Marciniuk,
2014). The value of benefits can be valorized.
The mortgage funds cover a rent as well as any potential rises in this cost. Firms compete
in offering various additions to the basic reverse annuity contracts. They take over payment of
maintenance fees, pay the real estate tax and perpetual usufruct tax, as well as add free health
insurance, property insurance, free legal advice, trainings and trips, etc. The funds also bear
all costs related to the valuation of real estate and reverse annuity starts. In theory, the
agreement is irreversible and the heirs do not have the ability to recover the surrendered
property. However, sometimes the possibility of breach of contract exists after paying off the
received benefits with the interests and any other incurred costs (it is unregulated by the law,
but only a goodwill of the fund) (Marciniuk, 2014), (Davidoff, 2009).
Increase in the average lifetime causes aging of population and a number of phenomena
unfavorable from the point of view of economics. Older people succumb often to chronic
diseases, which require costly and time-consuming treatment. The funds from the state budget
for health care are insufficient to cover the increasing costs associated with the treatment of
the aging population. One of sources of additional funds may be payments from private health
insurance. A critical illness policy provides the policyholder with the benefit in case of illness
such as heart attack, cancer or stroke, which are included in a set of diseases specified by the
policy conditions. Note that the benefit is paid on diagnosis of a specified condition, rather
than on disablement. On the one hand, it means that critical illness policy does not meet any
specific need or protects the policyholder against any particular financial loss such as the loss
of earnings, reimbursement of medical or other expenses incurred. On the other hand, in
practice insurers make the payment of benefits not only on the diagnosis but also on the
expected future lifetime of a sick person. Depending on the policy, the benefit may be paid to
a sick person whose expected future lifetime will be between two and four years (the
differences come from medical circumstances).
In this paper, we focus on cancer, because cancerous diseases belong to one of the most
common illnesses in the older age. In case of early detection of cancer, complete recovery is
very likely, but it involves the usage of expensive treatment. If metastases are diagnosed, the

chance of cure is minuscule, a future life time is usually not longer than four years. In this
case, palliative care is needed, which also absorbs significant financial resources. Thus,
regardless of the stage of the tumour, financial resources are necessary.
Construction of the new financial product, taking into account a reverse annuity contract
and critical illness insurance requires an introduction of multiple state model S, T  , where S
is a state space and T denotes a set of direct transitions between states of the state space
(Dębicka, 2013). Death, incidence of malignant cancer and diagnosed metastasis are three
random events, which will be included in the multiple state model. Thus, the state space
S  1,2,...,8, where the meaning of the states is as follows (Dębicka and Zmyślona, (b)):
1 - is alive and are healthy (without cancer)
2 - is ill with cancer without metastases
3 - is suffering from cancer for a year after diagnosis of metastases
4 - is suffering from cancer for the second year after diagnosis of metastases
5 - is suffering from cancer for a third year after diagnosis of metastases
6 - is suffering from cancer for a fourth year after diagnosis of metastases
7 - died for reasons other than cancer or being sick with cancer without
diagnosed metastases
8 - died being sick with cancer with diagnosed metastases.
The graphic representation of the multiple state model S, T  is shown in Figure 1, where
circles represent the states and arcs correspond to direct transitions between states.

Figure 1. A multiple state model for combining reverse annuity contract with critical illness
insurances.
Source: (Dębicka and Zmyślona (b)).

Let  be so-called a reverse annuity parameter   0,1. The customer receives
a capital W , which is divided into two parts:     W is a capital for the reverse annuity
contract and  1   (1   )W is treated as a net single premium for critical illness
insurance. Note that a variety of financial product has to be considered depending on the
value of parameter  :
  1 - a reverse annuity contract,
  0,1 - a combination of reverse annuity contract and critical illness insurance,
  0 - a critical illness insurance.
In particular (border) cases, a detailed analysis of the contracts are presented in (Dębicka and
Marciniuk, 2014) for   1 and in (Dębicka and Zmyślona (a)) for   0 .
The description of the stream of cash flows determines the type of contract. We focus on
discrete-time model, where X (k ) denote the state of an individual (the contract) at time k (
k  T  {0,1,2,..., n} ). Hence the evolution of the insured risk is described by a discrete-time
stochastic process {X (t ); t  T} , modelled by a Markov chain (Christiansen, 2012),
(Djehjche, 2011).
Let cf j (k ) be the future cash flow payable at time k if X ( k )  j ( j  S ). The critical
illness contract provides one of two types of benefits: an annuity benefit b 1   payable after
the diagnosis of metastases or lump sum benefit c 1  payable at time k  1 , if the insured
diagnosis of metastases occurred in time interval [k , k  1) before the end of the contract.
Both types of illness benefits are paid from below. Namely, the reverse annuity contract
provides only one type of the benefit b    , which is paid at the beginning of the year, if
a customer is alive (regardless of a customer’s state of health) and it is paid in advance. Thus,
the constructed financial product might be proposed in one of the following options:
Option 1. (reverse annuity with annuity critical illness benefits)
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Option 2. (reverse annuity with a lump sum critical illness benefit)
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Let us note that from the financial point of view, the cash flow j
is a sum of inflows
representing an income to a particular fund and outflows representing an outgo from
a particular fund, then the capital W and benefits take the opposite signs.
Since the multiple state model shown in Figure 1 is extensive, it is worth using matrix
notation to determine benefits. Then we use matrix formulas presented in (Dębicka and
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Marciniuk, 2014) and (Dębicka and Zmyślona, (a)) to calculate b , b
and c
.

3. Numerical Examples
In the paper, we focus on lung cancer, because it belongs to the most common tumours in
the developed countries. High mortality is largely related to the late detection of this type of
cancer, where metastases are diagnosed. Epidemiological data indicate unequivocal age of
a patient as one of the major risk factors. Peak incidence occurs in the sixth and seventh
decade of life. In addition, sex and place of residence have a significant impact on the risk of
morbidity. Lung cancer is several times more frequent in male population. The stage of
advancement of tumour has a very significant impact on the time of a patient’s survival.
Statistics concerning histories of patient treatment indicate that in case of detection of
metastases the time of surviving is up to four years. Undoubtedly, the occurrence of lung
cancer affects the mortality, significantly.
An important element of modelling financial products is probabilistic structure of the
multiple state model. The probability of death of a real estate’s owner, who is not sick with
lung cancer, is estimated based on life tables for the population of men and women inhabiting
the region of Lower Silesia from 2008 from the Central Statistical Office. The incidence of
morbidity of lung cancer is estimated on the basis of (Wojciechowska and Didkowska, 2014),
separately for the male and female populations. The probability of diagnosing metastases
within one year after detection of lung cancer is modelled using the logit model with age as
explanatory variable. Increased risk of death for people with detected lung malignancy was
estimated based on data concerning histories of hospitalization from the National Health Fund
(Data base …, 2012). In the analyzed model, we assume that the increased probability of
death of a patient with lung cancer at age x is calculated as conditional probability on the basis
of survival time distribution. Survival time is measured to an accuracy of a year. We used
logit model for ordered categorical variable in case of population of men and Poisson

regression with identity link function in case of population of women. The details are
described in (Dębicka and Zmyślona, (b)).
It is determined that the fixed yearly interest rate i equals 5.817%. The fixed interest rate i
was chosen at 5.817%, because the long-term rate in Nelson-Siegel model of yield curve was
equal to 5.187%. This parameter was estimated by using the least-squares method on the basis
of actual Polish market data, related to the yield to maturity on fixed interest bonds and
Treasury bills from 20081. The estimation was made by the use of the Solver in Microsoft
Excel (Marciniuk, 2009), (De Rezende and Ferreira, 2013).
In the examples we assume that the value of property W  100000,   0.5 ,   0.99
then      49500 and  1   500 .
Under the assumption that an investment period equals 15 years, the benefits for both parts
of the combining product (Option 1 and Option 2), depending on sex of the insured person
and age at entry, are presented in Table 1.
Table 1. The amount of benefits depending on the age at entry for a 15-year investment
period (for W  100000,   0.5 ,   0.99 ).
Sex

x

b

 

3828.32
65
4265.60
70
5110.32
75
6564.89
80
8853.91
85
Source: own elaboration.

Women

b

1  

68541.03
80587.14
101071.00
141135.86
189156.48

c

1  

77724.31
89591.05
110334.71
150981.16
199858.15

Men

 

b 1  

c 1 

4251.19
4719.71
5521.48
6826.83
8748.99

16464.78
18393.88
25661.84
41897.17
66340.77

19432.03
21498.57
29704.06
48074.58
75560.34

b

The yearly value of the benefit in case of the reverse annuity contract is lower for women.
The differences between the value of b    for man and for woman are increasing with the rise
of age at entry. We observe an opposite situation in case of the yearly value of critical illness
annuities b 1   , lower for men which directly reflects the fact that lung cancer is much more
frequent in men population. Moreover, note that the differences in the amount of illness
annuity b 1   and lump sum c 1  are not too large, because the probability of death in the
first year after metastases diagnosis is very high.
Let us observe that the benefits for women and men differ significantly for the insurance
part of the product and relatively smaller differences are observed in reverse annuity-related
part, which is presented in Figure 2. The percentage share of the difference between the
benefits for women and male counted in relation to the benefit of men diminishes with age
(for people over seventy) for all kind of benefits.

1

Sources: www.money.pl/pieniadze/bony/przetargi/ and http://bossa.pl/notowania/stopy/rentownosc_obligacji/

Figure 2. The percentage share of the difference between the benefits for female and male
counted in relation to the benefit of man depending on the age at entry
(for n  15, W  100000,   0.5 ,   0.99 ).
Source: own elaboration.

Under the assumption that age at entry is equal to 65 years, the benefits for both parts of
the combined product, depending on the sex of the insured person and the period of
investment, are presented in Table 2
Table 2. The value of benefits depending on the investment period (for x  65, W  100000,
  0.5 ,   0.99 ).
Sex

n

b

 

10185.85
5
5345.64
10
3828.32
15
3182.07
20
2908.85
25
Source: own elaboration.

Women

b

1  

190702.80
94053.91
68541.03
60180.21
57135.87

c

1  

215361.01
106721.71
77724.31
68018.37
64431.94

b

 

10473.40
5720.54
4251.19
3634.82
3375.62

Men

b 1  

c 1 

40466.62
20879.17
16464.78
15072.40
14661.84

46595.57
24513.76
19432.03
17816.01
17337.70

We can observe, analogously like in Table 1, that the yearly value of the benefit in case of
the reverse annuity contract is lower for women, but in case of illness benefits the situation is
opposite. Moreover, the value of all benefits for men and women are decreasing with the rise
of the investment period.

Figure 3. The percentage share of the difference between the benefits for female and male
counted in relation to the benefit of man depending on the investment period
(for x  65, W  100000,   0.5 ,   0.99 ).
Source: own elaboration.

Correspondingly to Figure 2, the benefits for women and men differ significantly for the
insurance part of the product and relatively smaller differences are observed in the reverse
annuity-related part, which is presented in Figure 3. The percentage share of the difference
between the benefits for females and males counted in relation to the benefit of man
diminishes for both kinds of illness benefits and grows slightly for the reverse annuity
benefits with increasing investment period.
If the value of a real estate is equal to W1 , the percentage  is lower than 50% and it
equals  1 , then the following results must be augmented by the factor W1 1 W .
All calculations are made by the use of the authors’ own programs written in C++.
4. Conclusion
The paper presents a combination of two products i.e. the reverse annuity contract and the
critical illness insurance. On the market, such a combination of contracts is not offered.
Therefore, the consideration of this product poses a new proposition of protecting against the
effects of longevity. It is worth noting that, from the real estate owner’s perspective, buying
a combined product can be less expensive than purchasing each single components, in
particular thanks to a reduction of the acquisition and maintenance costs charged to the
customer.
The analysis of numerical examples based on actual Polish data leads to the basic
conclusion that, although the benefits obtained from the reverse annuity contract are a little bit
lower than in the situation when the whole capital W is used to calculation of the reverse
annuity benefit, annual illness benefits are considerably high. This gives the owner of a real
estate an additional financial protection in difficult times associated with a dread disease. The

benefit is lower for women not only in case of the individual reverse annuity contract, but also
for the lung cancer illness benefit.
It is not surprising that the value of the benefits depends on the age of the owner and the
length of the contract, but the calculations show a strong influence of sex on the amount of
illness benefits. The difference is between 150% and 300%. Therefore, the application of The
European Union Directive, which does not distinguish gender in actuarial calculating, does
not seem appropriate in case of critical illness insurance.
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